Section 5-3 : Substitution Rule for Indefinite Integrals

1. Evaluate J(SX—lZ)(4X2 —12X)4 dx .

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=4x?-12x

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u’s.

Step 2

Because we need to make sure that all the x’s are replaced with u’s we need to compute the differential
so we can eliminate the dx as well as the remaining x’s in the integrand.

du = (8x—-12)dx

Recall that, in most cases, we will also need to do a little manipulation of the differential prior to doing
the substitution. In this case we don’t need to do that.

Step 3
Doing the substitution and evaluating the integral gives,

j(8x—12)(4x2 —12x)4 dx = ju“ du=2u°+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

[ (8x-12)(4x* —12x)" dx =|£(4x* ~12x) +c

2. Evaluate J‘St’ﬂ' (2 +4t73 )77 dt.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.



Step 1
In this case it looks like we should use the following as our substitution.

u=2+4t7

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u's.

Step 2

Because we need to make sure that all the t’s are replaced with u’s we need to compute the differential
so we can eliminate the dt as well as the remaining t's in the integrand.

du=-12t"dt
To help with the substitution let’s do a little rewriting of this to get,
3t dt=-1du

Step 3
Doing the substitution and evaluating the integral gives,

I&4(2+4rﬁth=—%fuqdu:ﬁu*+£

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

[art(2+4%) "dt=| & (2+4t7) " +c

3. Evaluate J.(3—4W)(4W2 — 6w+ 7)10 dw.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=4w’ —6w+7



Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u’s.

Step 2

Because we need to make sure that all the w’s are replaced with u’s we need to compute the differential
so we can eliminate the dw as well as the remaining w’s in the integrand.

du =(8w-6)dw
To help with the substitution let’s do a little rewriting of this to get,
du=-2(3—4w)dw = (3—4w)dw=—-1du

Step 3
Doing the substitution and evaluating the integral gives,

[(3—4w) (4w —6w+ 7)10 dw=—4[u”du=—-%u"+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

J-(3—4W)(4W2 — 6w+ 7)10 dw = |- (4w’ — 6w+ 7)11 +C

4. Evaluate J.S(Z —4) 3z -8zdz.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=z>-8z

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u’s.

Step 2
Because we need to make sure that all the z’s are replaced with u’s we need to compute the differential
so we can eliminate the dz as well as the remaining z’s in the integrand.



du=(2z-8)dz
To help with the substitution let’s do a little rewriting of this to get,
du=(2z-8)dz=2(z—-4)dz = (z—-4)dz=1du

Step 3
Doing the substitution and evaluating the integral gives,

1 4
15(2—4)%zz—Szdz:%Iu3du:%u3+c
Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

[AIEN

I5(z—4)'ﬁzz—8zdz=-%(zz—82) +C

5. Evaluate J.QOXZ sin (2+6X3)dx.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=2+6x°

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u's.

Step 2
Because we need to make sure that all the x’s are replaced with u’s we need to compute the differential
so we can eliminate the dx as well as the remaining x’s in the integrand.

du =18x%dx
Recall that, in most cases, we will also need to do a little manipulation of the differential prior to doing

the substitution. In this case we don’t need to do that. When doing the substitution just notice that 90
= (18)(5).



Step 3
Doing the substitution and evaluating the integral gives,

J.90xzsin(2+6x3)dx:jSSin(u)du =-5c0s(u)+c
Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

_[90x2 sin(2+6x3)dx = —5cos(2+6x3)+c

6. Evaluate J.sec(l— z)tan (1— z)dz .

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=1-z

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u's.

Step 2
Because we need to make sure that all the z’s are replaced with u’s we need to compute the differential
so we can eliminate the dz as well as the remaining z’s in the integrand.
du=-dz
To help with the substitution let’s do a little rewriting of this to get,

dz =-du

Step 3
Doing the substitution and evaluating the integral gives,

J'secl z)tan(1-2z) :—J'sec u)tan(u)du =—sec(u)+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4



Finally, don’t forget to go back to the original variable!

J.sec(l— z)tan(1-z)dz =|-sec(1-z)+c

7. Evaluate '[(15t’2 —5t)COS(6t’l +t2)dt.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=~6t"+t?

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u’s.

Step 2

Because we need to make sure that all the t’s are replaced with u’s we need to compute the differential
so we can eliminate the dt as well as the remaining t's in the integrand.

du = (-6t +2t)dt
To help with the substitution let’s do a little rewriting of this to get,
du = (-6t +2t)dt =—2(2)(3t* —t)dt = (15t*-5t)dt=-3du

Step 3
Doing the substitution and evaluating the integral gives,

[ (15t —5t)cos(6t ™" +t*)dt =—3 [ cos(u)du =—3sin(u) +c
Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

[ (15t —5t)cos (6t +t* ) dt =|~$sin (6t +17) +c




8. Evaluate _|.(7y—2y3)ey4’7y2 dy.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=y*-7y?

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u's.

Step 2

Because we need to make sure that all the y’s are replaced with u’s we need to compute the differential
so we can eliminate the dy as well as the remaining y’s in the integrand.

du = (4y° -14y)dy
To help with the substitution let’s do a little rewriting of this to get,
du =(4y° -14y)dy = -2(7y-2y*)dy = (7y-2y°)dy=—1du

Step 3
Doing the substitution and evaluating the integral gives,

4 2
_|'(7y—2y‘°’)ey Y dy =—%_|'e” du=-Lle"+c
Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

I(7y—2y3)ey4_7y2 dy = —%ey“—vy2 +C

4w+ 3
9. Evaluate z—dw
4w” +6w-1

Hint : What is the derivative of the denominator?

Step 1



In this case it looks like we should use the following as our substitution.
u=4w’ +6w-1

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u's.

Step 2

Because we need to make sure that all the w’s are replaced with u’s we need to compute the differential
so we can eliminate the dw as well as the remaining w’s in the integrand.

du =(8w+6)dw
To help with the substitution let’s do a little rewriting of this to get,
du=2(4w+3)dw =  (4w+3)dw=41du

Step 3
Doing the substitution and evaluating the integral gives,

4w+3 1(1 1
——————dw="= —du:—ln|u|+c
4w* +6w-1 2Ju 2

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

j?W—HdW: Linjaw? +6W—1|+C
4w® +6w-1 2

10. Evaluate '[(cos(St)—tz)(sin (3’[)—'[3)5 dt.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=sin(3t)-t°



Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u’s.

Step 2

Because we need to make sure that all the t's are replaced with u’s we need to compute the differential
so we can eliminate the dt as well as the remaining t's in the integrand.

du =(3cos(3t)—3t*)dt
To help with the substitution let’s do a little rewriting of this to get,
du =3(cos(3t)—t*)dt = (cos(3t)—t*)dt=2%du

Step 3
Doing the substitution and evaluating the integral gives,

I(cos(3t)—t2)(sin(3t)—t3)5 dt=4fu*du=Fu+c
Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

[(cos(3t)-t*)(sin (3t)—t3)5 dt =|(sin (3t)—t3)6 e

11. Evaluate J4(i—ezjcos(ez +In z)dz .
z

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=e‘+Inz

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u's.

Step 2
Because we need to make sure that all the z’s are replaced with u’s we need to compute the differential
so we can eliminate the dz as well as the remaining z’s in the integrand.



du=(-e”+%)dt

Recall that, in most cases, we will also need to do a little manipulation of the differential prior to doing
the substitution. In this case we don’t need to do that.

Step 3
Doing the substitution and evaluating the integral gives,

J4(£—ezjcos(ez +Inz)dz = j4cos(u)du =4sin(u)+c

z

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

1 -7 -7 _ H A
J4(;—e jcos(e +Inz)dz_45|n(e +Inz)+c

1+tan(v) d

12. Evaluate _[secz (v)e V.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=1+tan(v)

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u’s.

Step 2

Because we need to make sure that all the v's are replaced with u’s we need to compute the differential
so we can eliminate the dv as well as the remaining v's in the integrand.

du = sec”(v)dv

Recall that, in most cases, we will also need to do a little manipulation of the differential prior to doing
the substitution. In this case we don’t need to do that.



Step 3
Doing the substitution and evaluating the integral gives,

Isecz (v)e"™ " dv = Ie“ du=e"+c

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

Isecz (v)e"™ ™ dv = m

13. Evaluate JlOsin (2x)cos(2x)4/cos? (2x)—5 dx.

Hint : Recall that if there is a term in the integrand (or a portion of a term) with an “obvious” inside
function then there is at least a chance that the “inside” function is the substitution that we need.

Step 1
In this case it looks like we should use the following as our substitution.

u=cos?(2x)-5
(2x)

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u's.

Step 2

Because we need to make sure that all the x’s are replaced with u’s we need to compute the differential
so we can eliminate the dx as well as the remaining x’s in the integrand.

du = —4cos(2x)sin(2x)dx
To help with the substitution let’s do a little rewriting of this to get,

du =—4cos(2x)sin(2x)dx =—-2(2)(2)cos(2x)sin(2x)dx
= 10cos(2x)sin(2x)dx=—3du

Step 3
Doing the substitution and evaluating the integral gives,

lesin (2x)cos(2x)4/cos’ (2x) -5 dx = —%Iu% du=-3uf+c



Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

[10sin (2x)cos(2x)Jcos’ (2x)~5 dx = |-3(cos’ (2x) ~5)" +¢

Nlw

14. Evaluate dex
2—csc(x)

Hint : What is the derivative of the denominator?

Step 1
In this case it looks like we should use the following as our substitution.

u=2-csc(x)

Hint : Recall that after the substitution all the original variables in the integral should be replaced with
u's.

Step 2

Because we need to make sure that all the x’s are replaced with u’s we need to compute the differential
so we can eliminate the dx as well as the remaining x’s in the integrand.

du = csc(x)cot(x)dx

Recall that, in most cases, we will also need to do a little manipulation of the differential prior to doing
the substitution. In this case we don’t need to do that.

Step 3
Doing the substitution and evaluating the integral gives,

J—CSC(X)COt(X) dx = J%du =Inful+c

2—csc(x)
Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!



dex: In|2—csc(x)|+c

2—csc(x)

6
15. Evaluate J > dy.
7+y

Hint : Be careful with this substitution. The integrand should look somewhat familiar, so maybe we
should try to put it into a more familiar form.

Step 1
The integrand looks an awful lot like the derivative of the inverse tangent.

d

d—(tan‘l(u))

u

3 1
1+u?

So, let’s do a little rewrite to make the integrand look more like this.

J °_dy- Ldy:EJ L dy
7+y? 7(1+3y?) T 7)1y’

Hint : One more little rewrite of the integrand should make this look almost exactly like the derivative
the inverse tangent and the substitution should then be fairly obvious.

Step 2
Let’s do one more rewrite of the integrand.

6 6 1
R e

At this point we can see that the following substitution will work for us.

— du:%dy - dy:ﬁdu

<

Step 3
Doing the substitution and evaluating the integral gives,

J 6 dy=g(«/7)j L du:%tanl(u)w

7+y° 1+u?

Hint : Don’t forget that the original variable in the integrand was not u!



Step 4
Finally, don’t forget to go back to the original variable!

6 6 1 6 -
J7+ v dy:7(x/7)Jl+u2 du = ﬁtan 1(%)+c

Substitutions for inverse trig functions can be a little tricky to spot when you are first start doing them.
Once you do enough of them however they start to become a little easier to spot.

3

1
16. Evaluate J—dw.
V4—-9w’

Hint : Be careful with this substitution. The integrand should look somewhat familiar, so maybe we
should try to put it into a more familiar form.

Step 1
The integrand looks an awful lot like the derivative of the inverse sine.

So, let’s do a little rewrite to make the integrand look more like this.

1

J;dw: —dw:ljédw
V4 —-9w’ 4(1—%W2) 2) J1-2w?

Hint : One more little rewrite of the integrand should make this look almost exactly like the derivative
the inverse sine and the substitution should then be fairly obvious.

Step 2
Let’s do one more rewrite of the integrand.

dw

1 1 1
V4 —9w? dW:E 3w)?
1-(%)
At this point we can see that the following substitution will work for us.
u=3y - du =3dw > dw=2du

Step 3



Doing the substitution and evaluating the integral gives,

:lsm (u)+c

|53 e

Hint : Don’t forget that the original variable in the integrand was not u!

Step 4
Finally, don’t forget to go back to the original variable!

Lsin- "(3)+c

1
—dw=
J V4 -9w? 3

Substitutions for inverse trig functions can be a little tricky to spot when you are first start doing them.
Once you do enough of them however they start to become a little easier to spot.

17. Evaluate each of the following integrals.
(" 3x

(a) —de

J 1+9x

(b) B—de

) (1+9x2)4

3

dx
J 1+ 9)(2

(c)

Hint : Make sure you pay attention to each of these and note the differences between each integrand
and how that will affect the substitution and/or answer.

(a)jl oz &

Solution
In this case it looks like the substitution should be

u=1+9x>

Here is the differential for this substitution.

du =18xdx =  3xdx=gdu

The integral is then,



f 3XZdX:EJEdu:lln|u|+c:iln|l+9x2|+c
1+9x 6.) u 6 6

3x
b) | —2% 4
( )J(1+9x2)4 "

Solution
The substitution and differential work for this part are identical to the previous part.

u=1+9x* du =18x dx = 3xdx =1du

Here is the integral for this part,

Jizldx:lfi‘tdu :lju‘4 du=-tudsc= —i%ﬂ
(1+9x%) 6)u 6 18 18 (1+9x*)

Be careful to not just turn every integral of functions of the form of 1/(something) into logarithms! This
is one of the more common mistakes that students often make.

3
d
(© Jl+9x2 X

Solution
Because we no longer have an x in the numerator this integral is very different from the previous two.
Let’s do a quick rewrite of the integrand to make the substitution clearer.

3 3
50X = j—zdx
1+9x 1+ (3)()
So, this looks like an inverse tangent problem that will need the substitution.
u=3x - du = 3dx

The integral is then,

_[1+:;x2 dx =J1+lu2 du=tan™(u)+c=|tan"(3x)+c







